The heavy quark drag and momentum diffusion have been investigated in a hot magnetized quark-gluon plasma, along the directions parallel and perpendicular to the magnetic field. The analysis is done within the framework of Fokker-Planck dynamics by considering the heavy quark scattering with thermal quarks and gluons at the leading order in the coupling constant. An extended quasiparticle model is adopted to encode the thermal QCD medium interactions in the presence of a magnetic field. Further, the higher Landau level effects on the temperature behaviour of the parallel and perpendicular components of the drag force and diffusion coefficients have studied. It has been observed that both the equation of state and the magnetic field play key roles in the temperature dependence of the heavy quark dynamics.
I. INTRODUCTION
The heavy ion-collision experiments at Relativistic Heavy Ion Collider (RHIC) and at the Large Hadron Collider (LHC) set the stage to investigate the deconfined state of the nuclear matter called quark-gluon plasma (QGP), as a near-ideal fluid [1] [2] [3] . Recent studies revealed the presence of ultra-intense magnetic field in the non-central asymmetric collisions [4] [5] [6] [7] . Inclusion of the magnetic field to the theoretical investigations regarding the QGP/hot QCD matter is seen to affect its transport and thermodynamic properties in a significant way [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . In particular, the novel phenomena such as chiral magnetic effect [18] [19] [20] , chiral vortical effect [21] [22] [23] , chiral charge separation [24] , magnetic catalysis [25] , and more recently the realization of global Λ−hyperon polarization in the RHIC [26, 27] opens up new directions in the investigation on magnetized QGP.
Heavy quarks (HQs), mainly charm and bottom, are identified as effective probes to characterize the properties of the QGP [28] [29] [30] [31] [32] [33] . The HQs are mostly created in the early stages of collision and propagate through the bulk medium (QGP) while interacting with its constituents (light quarks and gluons). The HQs are the witness of the entire space-time evolution of the bulk medium. There have been several attempts to investigate the HQ dynamics in QCD matter [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] and the related experimental observables such as nuclear suppression factor, elliptic flow and heavy baryon to meson ratio which serve as direct QGP probes [51] [52] [53] .
Recently, it has been recognized that the strong electromagnetic fields created at early times of the heavyion collisions can affect the HQs dynamics. HQ directed flow (v 1 ) [54] is identified as a potential probe of the strong initial electromagnetic field created in heavy-ion collisions. This transient field can induce opposite v 1 for the charm and anti-charm quarks due to their opposite charge. The v 1 for hadrons containing HQs is predicted to be several orders of magnitude larger than that for hadrons containing light quark; a prediction that appears to be vindicated by early experimental results at both RHIC and LHC energies [55] [56] [57] . However, recent calculations [54, 58, 59 ] on the HQ directed flow due to the electromagnetic field, within the Langevin dynamics, ignore the impact of the magnetic field on HQ transport coefficients. Hence, it is an interesting aspect to investigate the HQ drag and momentum diffusion in the presence of the magnetic field and explore its consequences on experimental observables.
The light quarks/antiquarks degree of freedom are affected by the magnetic field and follow the Landau Level dynamics in the thermal equilibrium. Whereas the electrically neutral gluons indirectly coupled to the magnetic field through the self-energy via quark/antiquark loop. The transport coefficients of the magnetized QGP have been studied in the lowest Landau level (LLL) approximation [11, 60] and the recent studies [61] [62] [63] revealed the significance of higher Landau levels (HLLs) in the analysis. Several investigations on the static properties of HQs and quarkonia in the presence of magnetic field have been done in Refs. [64] [65] [66] [67] [68] [69] . There are a few attempts within the holographic and conformal field theory description of the HQ transport with a strong magnetic field background [70] [71] [72] . Since the external magnetic field constraints the light quarks/antiquarks motion in preferred spatial direction (either parallel or antiparallel to the field), one needs to analyze the HQ dynamics in both parallel and perpendicular to the magnetic field. In the recent work [73] , the authors have showed that the diffusion coefficient of HQ became anisotropic in the presence of a strong magnetic field in the LLL approximation.
The present article primarily focuses on the study of longitudinal and transverse components of the momentum diffusion and drag of the HQ in the magnetized QGP, incorporating the effects of hot QCD medium interactions and HLLs. To that end, the modeling of the local momentum distribution function of gluons and quarks are essential such that the realistic equation of state (EoS) of the QGP could be mimicked. At this juncture, a recently proposed effective fugacity quasiparticle model (EQPM) [74, 75] has been employed in the analysis. The thermal QCD medium effects are reflected in the temperature dependence of the effective fugacity of the EQPM phase space distribution function. The quasiparticle description of HQ dynamics in the QGP has been investigated in the absence of the magnetic field in Refs. [76, 77] .
For the quantitative description of the HQ dynamics in the magnetized QGP, the relativistic Boltzmann equation needs to be solved by embedding the proper collision integral in the presence of external magnetic field background. The motion of HQ can be analyzed as a Brownian motion while considering their perturbative interaction, and the large HQ mass allows to assume for the low momentum transfer scattering [34] . Under such constraints, the relativistic transport equation can be reduced to the Fokker-Planck equation. This assumption has been widely employed in the investigation of HQ propagation in the medium [35, 36, 45] . The current investigation is done within the framework of the FokkerPlanck dynamics by analyzing the scattering of HQs with thermal gluons and quarks separately in the presence of the magnetic field. At the leading order in the coupling constant α s , the HQ scattering with gluons and quarks are mediated by a one-gluon exchange. The HLLs contribution to the HQ dynamics in the magnetized QGP has also been estimated.
The article is organized as follows. Section II is devoted to the mathematical formulation of the gluonic and quark contributions to the HQ drag and diffusion within the framework of the Fokker-Planck equation followed by the quasiparticle modeling of the magnetized QGP. The discussions on the effect of thermal QCD medium and HLLs on the temperature behaviour of the HQ dynamics are presented in Section III. Section VI contains the conclusions and outlook of the article.
II. HEAVY QUARK DRAG AND DIFFUSION IN MAGNETIZED QGP
HQs are subjected to random motion at the finite temperature due to the scattering with thermally excited quarks and gluons. Since the kinematics of quarks and gluons are different in the presence of the magnetic field, the HQ scattering with quarks and gluons need to be calculated separately [78] . Note that the mass of HQ, M HQ , is assumed to follow M HQ q f eB, where q f e is the fractional charge of the quark of flavor f , such that HQ motion is not directly affected by the magnetic field. In the Ref. [54] , the authors have included the Lorentz force in the analysis of the direct flow of the charm quark. The HQ dynamics can be understood in terms of the phase space distribution function with the prescription of transport theory.
A. Thermal gluon contribution to HQ transport
In this section, we are considering the gluonic contribution to the HQ dynamics while travelling in the QGP in the presence of the strong magnetic field B = Bẑ. Note that the magnetic field affects the gluon dynamics through the self-energy and the Debye screening mass in the system [13] . The dynamics of HQ can be understood in terms of the drag and momentum diffusion in the medium.
Formalism of HQ drag and diffusion
The evolution of the HQ momentum distribution function f HQ in the QGP can be described by the Boltzmann equation as [34] ,
The term ( ∂f HQ ∂t ) col is the relativistic collision integral that quantifies the rate of change in the HQ distribution function due to the interactions with thermal gluons in the medium. For the two-body collision, the collision term takes the following form [34] ,
The quantity ω(p, q) is the rate of collisions with gluons that change the HQ momentum from p to p − q and defined as,
where the interaction cross-section σ p,k→p−q,k+q is related to the matrix element M HQ,g of the HQ scattering process with gluons. Here, f g (k) is the momentum distribution of gluons and v is the relative velocity between the colliding particles. Note that in the integrand of Eq. (2), the first term constitutes the gain term through the scattering whereas the second term represents the loss out of the volume element around the HQ momentum p. The integral operator in the Boltzmann equation can be simplified by employing the Landau approximation which assumes that most of the HQ-qluon scattering is soft with small momentum transfer. Hence, we can expand ω(p + q, q) f HQ (p + q) up to the second order of the momentum transfer q as,
The relativistic Boltzmann equation can be reduced to the Fokker-Planck equation by employing the Eqs. (2), (3) and (4) in the Eq. (1) and takes the form as follows,
where A i and B ij measure the drag force and momentum diffusion of the HQs, respectively. For the process,
, where g stands for gluons in the magnetized thermal medium, the HQ drag and momentum diffusion takes the following forms [34, 35] ,
respectively. Here, d HQ is the statistical degeneracy of the HQ. The Eq. (6) indicates that the HQ drag is the measure of the thermal average of the momentum transfer q = p − p due to the scattering of HQ with the thermal particles. Whereas the momentum diffusion in Eq. (7) measures the thermal average of square of the momentum transfer. In the static limit p → 0, we can consider B ij → Kδ ij [34] with K is the HQ diffusion coefficient. The magnetic field provides the preferred spatial direction and we need to consider the HQ motion parallel and perpendicular to the magnetic field. The longitudinal and transverse components of HQ drag and diffusion in the presence of magnetic field (B = Bẑ) defines as the thermal average of the corresponding components and it's square of the momentum transfer due to the HQ scattering process with thermal particles. The HQ drag force components can be defined as,
where longitudinal and transverse components quantitatively measure the anisotropy in the drag force in the presence of the magnetic field. Here, q ⊥ =| q ⊥ | is the transverse component of the momentum transfer. Similarly, the components of the HQ momentum diffusion coefficients in the presence of the magnetic field within the static limit can be defined as,
Employing the fluctuation-dissipation theorem, we can define the longitudinal and transverse drag coefficients respectively as,
We intend to compute the HQ drag force components and diffusion coefficients in the longitudinal and transverse directions considering the thermal medium effects of the magnetized QGP in the current analysis. The EoS effects can enter through both the parton momentum distribution function and the Debye screening mass (effective coupling) while defining the scattering amplitude of the interaction. Proper modeling of the hot magnetized QGP is essential to incorporate the effects of QCD medium interactions.
Modeling of hot magnetized QGP
The effective modeling of the QGP by encoding the thermal QCD medium effects have been studied in several means such as self-consistent quasiparticle model [79] , models based on the Gribov-Zwanziger quantization [80] [81] [82] , Nambu-Jona-Lasinio (NJL) and Polyakov-loopextended NJL based quasiparticle models [83] , effective mass quasiparticle model with Polyakov loop [84] and effective fugacity quasiparticle model (EQPM) [74, 75] . The present analysis is based on the EQPM in which the realistic EoS can be interpreted in terms of temperature dependent quasigluon and quasiquark/antiquark fugacities, z g and z q , respectively. We consider the recent (2 + 1)−flavor lattice QCD EoS (LEoS) [85] from the lattice QCD simulations. Within the framework of the EQPM, the thermal QCD medium constitutes of effective gluonic sector and matter sector (light quarks). We have studied the EQPM for the magnetized QGP in the Ref [60] . The EQPM quark distribution function in the presence of the magnetic field (B = Bẑ) has the following form,
Here, E l k = k 2 z + m 2 + 2l | q f eB | is the Landau energy eigenvalue in which l = 0, 1, 2, .. is the order of the Landau levels. Note that the effective fugacity parameter for quark and antiquark is same, i.e.,z q = zq and hence the momentum distribution of quarks and antiquarks is identical (in the case of vanishing chemical potential). The dispersion relation of electrically chargeless gluon remain intact in the magnetic field and the distribution function has the form,
We choose the units k B = 1, c = 1,h = 1 and β = 1 T . The physical significance of the effective fugacity parameter can be interpreted from the non-trivial dispersion relation which encodes the quasiparton collective excitations and takes the forms,
and
for quarks and gluons, respectively. The effective Boltzmann equation and mean field terms are well investigated within the framework of the EQPM both in the presence and absence of magnetic field [62, 86] .
It is important to note that the EQPM is motivated from the charge renormalization in the QCD medium as the effective mass models are based on the mass renormalization. Both the dispersion relation and effective coupling are sensitive to the magnetic field in the medium. The magnetic field dependence on the temperature behaviour of the effective coupling can be estimated from of the Debye screening mass of the magnetized QGP. The Debye screening mass in the QGP can be defined in terms of the EQPM momentum distribution function as [60] ,
where the integration phase factor dΥ = ∞ l=0 dkz 2π (2 − δ 0l ) for quarks in the presence of the magnetic field. Here, α s (T ) is the QCD running coupling constant at finite temperature [87] . The Eq. (15) can be solved separately for gluonic and light quark sector and takes the following form,
The term expressed in terms of P olyLog function over the effective gluon fugacity parameter in the Eq. (16) represents the gluonic contribution to the screening mass. Whereas the second term constitutes the contributions of quarks incorporating the HLL effects. For the system of ultra-relativistic non-interacting quarks and gluons (ideal EoS), z q,g = 1, the Debye mass takes form,
in which the quark (with flavour f ) contribution in the ideal case (z q = 1) can be defined as,
where
is the Fermi-Dirac distribution function. Defining the effective running coupling con-
employing Eq. (16) and Eq. (17), we obtain,
Note that the hot QCD medium effects are entering through the quasiparton momentum distribution functions and the scattering amplitude. The effective coupling constant, which is a dynamical input of the HQ transport, is incorporated through the HQ scattering with thermal gluons and quarks. We use these concepts in the estimation of HQ drag and diffusion in the presence of the magnetic field in the next sections.
Thermal gluon contribution to HQ drag and diffusion
The gluon contribution to the HQ transport coefficients is incorporated through the HQ scattering with thermal gluons in the hot medium. The 2 ↔ 2 HQ-gluon scattering is dominated by t-channel gluon exchange [36] and the matrix element M HQ,g in the static limit has the following form [73] ,
Here, q ≡| q | and α ef f is the effective coupling in medium. Here, (b, ) and (c,¯ ) are the representation of color and polarization of the incoming and outgoing gluons. The quantity f abc is the structure constant and t a R is the generator of the group SU (N c ). The quantity s(q ⊥ ) in the strong magnetic field is defined as,
where Λ f is defined in the Eq. (18) such that s(q ⊥ = 0) gives the quark contribution to the Debye mass in the magnetized medium. In the LLL approximation, the Eq. (21) 
Following the prescriptions in [73] , we can further simplify the Eq. (22) by considering the rotational symmetry such that q
Finally, Eq. (22) becomes,
Similarly, we can calculate the quark contribution to longitudinal HQ momentum diffusion by substituting Eq. (20) in Eq. (7) and has the following form,
Performing the q integral and dropping out the terms sub-leading to m D /T by assuming the contribution from hard thermal gluons with | k | > ∼ T as in the described in the Refs. [36, 88] , the leading order K gluon in the presence of magnetic field takes the following form,
ζ (2) , in which γ E and ζ are the Euler's constant and Riemann zeta function, respectively.
The effects of hot QCD medium interactions and HLLs in the temperature behaviour of the HQ transport coefficients are entering through momentum distribution function and effective coupling in the medium.
For the non-interacting case (z q,g = 1), for the LLL quarks we have, log
) . The form of LLL quark contribution to the longitudinal momentum diffusion in the ideal EoS is consistent with the observations in the recent work [73] . Since the gluonic dynamics are not directly affected by the magnetic field, the gluon contribution to the HQ drag force and momentum diffusion are isotropic in nature as,
Whereas the quark contributions to the transport coefficients are highly anisotropic and are discussed in the next section.
B. Leading order quark contributions to HQ drag and diffusion
To incorporate the quark contribution to the HQ dynamics, we consider the process HQ(p) + l(k) → HQ(p ) + l(k ), where l represents the light quarks in the thermal medium. The quark dynamics is significantly affected by the strong magnetic field and follow the 1 + 1−dimensional Landau level dynamics. The HQ motion is subjected to the scattering with the quarks both in the direction parallel and perpendicular to the magnetic field.
HQ longitudinal and transverse drag
The longitudinal and transverse components of HQ drag for the HQ-quark scattering process can be described in the static limit by following the same prescription as that of the gluonic case as in Eq. (6) and takes the forms as,
The quantity dΓ(q) d 3 q defines the HQ scattering rate with quarks per unit volume of momentum transfer via one gluon exchange and has the following form, with f l q (k z ) and E l k are the EQPM distribution function and Landau level energy eigenvalue of the quark, respectively. Here, | M HQ,q | is the matrix element of the HQ scattering with the thermal quarks. In the recent work [73] , the authors have estimated the HQ-quark scattering rate from the retarded gluon correlator by employing the real time Schwinger-Keldysh formalism and has the following form,
in which α ef f is the effective coupling as described in the Eq. (19) . The contribution from the quarks with LLL and the HLLs next to l = 0 state constitute the leading order quark contribution to the HQ drag and diffusion in the strong magnetic field background. We conclude from Eq. (27) and Eq. (30) that in the strong magnetic field, the quark contribution to the longitudinal drag component goes to zero. By substituting Eq. (30) in Eq. (28), the leading order transverse HQ drag takes the following form,
and N (T, x) is defined as,
(32) The thermal quark contribution to the HQ drag is in the transverse direction and have a dependence on the HLLs and non-ideal EoS.
HQ diffusion
Similar to the HQ momentum described in Eq. (7) due to the HQ-gluon scattering, the quark contribution to the longitudinal and diffusion coefficients take the forms as follows,
By substituting the definition of HQ-quark scattering rate in Eq. (34), we obtain the leading order quark contribution to the transverse momentum diffusion as follows,
where N (T, x) is defined in the Eq. (32). The longitudinal component of HQ diffusion due to scattering with quarks vanishes in the strong magnetic field and can be understood from the Eq. (30) and Eq. (33) . Similar to the drag force, the quark contribution to the HQ momentum diffusion in the magnetic field is anisotropic in nature. In the ideal EoS (z q,g = 1), our results for LLL can be reduced to that in the Ref. [73] .
III. RESULTS AND DISCUSSION
We initiate the discussion with the effects of HLLs on the temperature dependence of the HQ momentum diffusion and drag in the magnetized QGP. Since the thermal quarks and gluons follow different dynamics in the magnetic field, we have considered HQ scattering with quarks and gluons separately, along the direction parallel and perpendicular to the magnetic field. The gluonic contribution to the HQ drag force and momentum diffusion is incorporated to the HQ-thermal gluon scattering process. The temperature behaviour of the K gluon and A gluon at | eB |= 15m 2 π is depicted in the Fig.1 . The HLLs effects to the gluonic contributions can enter through the Debye screening mass as described in the Eq. (23) and Eq. (25) . For the numerical estimation of the effect of HLLs, we plotted with different Landau levels. We truncate the Landau levels at l = 4 and the HLL contributions beyond l = 4 seems to be negligible in the chosen range of temperature. We observe that the HLL contribution quantitatively reduces the longitudinal HQ momentum diffusion and drag, and the effect is more pronounced in the high temperature regime. The gluons are not directly coupled to the magnetic field and follow (1 + 3)−dimensional dynamics. Hence, the gluonic contribution to the HQ drag and diffusion is isotropic in nature.
We have incorporated the (1+1)−dimensional Landau level kinematics for quarks while estimating the quark contribution to the HQ transport from the HQ-thermal quark scattering in the presence of the magnetic field. The effect of HLLs on the temperature behaviour of the K quark ⊥ and A quark ⊥ are shown in the Fig.2 . We observe that HLL corrections enhance the quark contribution to the transverse components of the drag force and diffusion coefficient. The HLLs effect is quite significant in the higher temperature regime. The quark contribution in the longitudinal direction vanishes in the leading order and can be understood from Eq. (27), Eq. (30) and Eq. (33) . Our observation on the anisotropic nature of the HQ drag and diffusion is qualitatively consistent with the results in the Ref. [73] .
The thermal medium dependence of the HQ drag force and momentum diffusion is governed by the quasiparticle momentum distribution function and effective coupling. We plotted the EoS dependence of the drag force and diffusion coefficient for both gluonic and quark contribu- tions at | eB |= 15m 2 π in the Fig.3 . The EoS dependence in HQ transport is more visible in the temperature regime near to the transition temperature, T c = 0.17 GeV. Asymptotically, the ratio tends to unity, which implies that the quasipartons will behave like free particles at very high temperature regime.
In Fig.4 , we depicted the effects of HLLs and EoS in the anisotropy in the HQ momentum diffusion by estimating the temperature behaviour of the ratio K K ⊥ . The quantities K and K ⊥ represent the total contribution from the quark and gluonic sector to the longitudinal and transverse diffusion coefficient in the presence of the magnetic field. We observe that the HLLs enhance the anisotropy in the HQ momentum diffusion, especially in the higher temperature region. For the LLL case, we have K ⊥ K in the temperature regime near to T c . This observation for the LLL case is in line with the results of the recent work [73] . The anisotropy in the HQ drag coefficients can be understood from the Eq. (10) in the hot QCD medium.
IV. CONCLUSION AND OUTLOOK
In conclusion, we have computed the temperature dependence of the longitudinal and transverse components of the HQ drag force and momentum diffusion in the presence of magnetic field by considering the thermal gluonic and quark contributions, separately. We have employed the Fokker-Planck dynamics to describe HQ transport in the hot magnetized medium. The HQ drag and diffusion are influenced by the magnetic field and hot QCD medium. We observed that the inclusion of HLLs is essential for the description of drag force and momentum diffusion of the HQs at the higher temperature regime far from the transition temperature. Notably, the HLLs quantitatively suppresses the gluonic contribution to the HQ drag and diffusion, whereas the quark contribution to the transverse components gets enhanced at the high temperature regime. The magnetic fields effects are embedded through the Landau levels in the quasiquark momentum distribution functions and in the respective energy dispersion relations. On the other hand, the gluon kinematics is coupled with the magnetic field through the effective coupling. Thermal medium effects are incorporated through the quasiparticle description of the magnetized medium. Furthermore, we have studied the anisotropy in the HQ momentum diffusion that induced from the (1 + 1)−dimensional Landau dynamics of the thermal quarks in the presence of the magnetic field. Finally, both the EoS and HLLs are seen to have a significant impact on the HQ momentum diffusion anisotropy in the magnetized medium.
HQ directed flow [54] is considered as a sensitive probe to the creation and characterization of the magnetic field in the heavy-ion collisions. The anisotropic momentum diffusion and drag coefficients of the HQs due to the magnetic field can affect the HQ directed flow measured recently both at RHIC and LHC energies [55] [56] [57] . HQ elliptic flow is another observable which can be affected by this anisotropic HQ transport coefficients. The estimation of the HQ transport coefficients beyond the static limit for an arbitrary magnetic field is another important task. We intend to work on these interesting aspects of the HQ dynamics in the near future.
